Abstract. Cosmological weak lensing is the powerful probe of cosmology. Here we address one of the most fundamental, statistical questions inherent in weak lensing cosmology: whether or not we can recover the initial Gaussian information content of large-scale structure by combining the weak lensing observables, here focused on the weak lensing power spectrum and bispectrum. To address this question we fully take into account correlations between the power spectra of different multipoles and the bispectra of different triangle configurations, measured from a finite area survey. In particular we show that super-survey modes whose length scale is larger than or comparable with the survey size cause significant sample variance in the weak lensing correlations via the mode-coupling with sub-survey modes due to nonlinear gravitational clustering -the so-called super-sample variance. In this paper we discuss the origin of the super-sample variance and then study the information content inherent in the weak lensing correlation functions up to three-point level.
Introduction
Cosmological weak lensing is one of the most powerful cosmological probes, as it allows us to directly map out the distribution of matter in the universe without assumptions about galaxy biases (see Heymans et al. 2013; More et al. 2014 for the recent results). Upcoming galaxy surveys such as the Subaru Hyper Suprime-Cam Survey (Takada 2010) aim to use the high-precision weak lensing measurements to tackle questions on fundamental physics including the origin of cosmic acceleration and neutrino masses.
Most of the useful weak lensing signals are in the nonlinear clustering regime, over a range of multipoles around ∼a few thousands. Due to the mode-coupling nature of nonlinear structure formation, the weak lensing field at the scales of interest display prominent non-Gaussian features. Thus the two-point correlation function or the Fouriertransformed counterpart, the power spectrum, no longer fully describes the statistical properties of the weak lensing field. Which statistical quantities or their combination can be optimal to extract a maximum information of the weak lensing field is still an open question and needs to be carefully explored in order to attain the full potential of the weak lensing surveys. Although weak lensing cosmology involves various statistical issues such as an accurate measurement of galaxy shapes, astronomical data reduction, and parameter estimation, in this paper we focus on the above statistical question.
Weak lensing cosmology
The weak lensing convergence field is expressed as a weighted projection of the threedimensional mass density fluctuation field along the line of sight. For a source galaxy at 2 M. Takada the radial distance χ s and in the angular direction θ, the convergence field is given by where δ m is the mass density fluctuation field along the line of sight and we assumed a flat geometry universe. Although the weak lensing is observationaly estimated from the ellipticities of source galaxy shapes, the so-called weak lensing shear field, the shear field is equivalent to the convergence field in the weak lensing regime, so we throughout this paper work on the convergence field. As obvious from the above equation, the statistical properties of the weak lensing field reflect those of the underlying mass density. If the mass density field is a Gaussian random field, which is the case in the linear regime, the weak lensing field is also Gaussian. If the mass field is non-Gaussian, which is the case in the nonlinear regime, the weak lensing should inevitably display non-Gaussian features. The weak lensing field is measurable only in a statistical way. The most conventional method used in the literature is the two-point correlation function. Using the Limber's approximation and the flat-sky approximation, the Fourier-transformed counterpart, the power spectrum is given as
where we defined the lensing efficiency function
, and P δ (k; a) is the mass power spectrum at redshift a = a(χ). Similarly, the lensing bispectrum, which is the lowest-order correlation function to measure the non-Gaussianity, is defined as
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is the mass bispectrum, and a set of the three wavevectors satisfies the triangle condition in Fourier space: e.g., l 1 + l 2 + l 3 = 0. While the power spectrum is a one-dimensional function of the wavelength l, the bispectrum is given as a function of triangle configurations. Likewise the n-point correlation function of the weak lensing field arises from the n-point function of the mass density field. The weak lensing correlation functions are sensitive to both the geometry of the Universe and the growth of matter clustering via the lensing efficiency function and the mass correlation functions. With these dependences weak lensing cosmology is expected to be one of the most powerful probes for constraining cosmological parameters as well as testing theory of gravity on cosmological scales (Takada & Jain 2004; Oguri & Takada 2011). 3. Statistical power of weak lensing correlation functions
Super-sample covariance
In order to realize the constraining power of the weak lensing correlation functions for a given survey, we need to quantify statistical uncertainties in the measured correlation functions. The important source of the statistical uncertainties is the sample variance arising due to a finite number of Fourier modes sampled from a finite survey volume. Recently we developed a simple, unified approach to describing the impact of supersample covariance, which arises from modes that are larger than or comparable with the survey size, on the correlation functions. The method is written in a general form and can Statistical challenges in WL cosmology 3 be applied to any large-scale structure probe. In this section we briefly review the theory following Takada & Hu (2013) (also see Hamilton et al. 2006 for the pioneer work).
Since the statistical properties of the weak lensing field reflect those of the mass density field as we discussed above, we here consider the power spectrum of the three-dimensional mass density field. For a finite volume survey, the observed field is generally expressed as
where W (x) is a survey window function; W (x) = 1 if x is in the survey region, otherwise W (x) = 0. For a finite-area weak lensing survey, one can think of the windowed mass density field as the mass density field in the finite volume around a certain lens redshift and confined with the survey area. The Fourier-transformed density field is given as
. Through the window function that has support for q < ∼ 1/L where L = V 1/3 is the typical size of the survey, we can properly take into account the effects of super-survey modes that are comparable with or larger than the survey size.
Then we can define the power spectrum estimator aŝ
where the integral is over a shell in k-space of width ∆k, volume V ki 4πk 2 i ∆k for ∆k/k i 1, and the effective survey volume is defined as
The ensemble average of its estimator is a convolution of the underlying power spectrum with the window
Thus for k ∼ 1/L this estimator is biased low compared to the true power spectrum due to transfer of power into the fluctuation in the spatially-averaged density of the survey volume. For k 1/L this bias becomes progressively smaller since the underlying power spectrum is expected to be smooth across ∆k ∼ 1/L.
The covariance matrix describes statistical uncertainties in the power spectrum estimation, defined as
Here the Gaussian piece is
is the number of Fourier modes used in the power spectrum estimation at the bin k i . The prefactor "2" in C G ij arises from the fact that the density field is real, yielding δ m (k) =δ * (−k), and therefore the modes of k and −k are not independent. The Gaussian piece has only the diagonal components, ensuring that the power spectra of different bins are uncorrelated with each other. The second term, proportional toT W (k i , k j ), is the non-Gaussian contribution arising from the connected 4-point function or trispectrum, 4 M. Takada convolved with the survey window function:
where T δ is the mass trispectrum and the notation q 1...n = q 1 +· · ·+q n . The convolution with the window function means that different 4-point configurations separated by less than the Fourier width of the window function contribute to the covariance. We call this aspect of the covariance the super sample covariance (SSC) effect. The trispectrum consistency introduced in Takada & Hu (2013) asserts that the SSC term in the trispectrum must be consistent with the response of the power spectrum to change in the background density:
where the mode of q 12 is a super-survey mode satisfying k, k q 12 , and the overbar refers to an angle average over the direction of q 12 . The background density δ b is the average density fluctuation in the survey region. Here P L δ (q) is is the linear power spectrum and is designated that for this relation to be applicable δ b must be a mode in the linear regime, i.e. the survey scale must be much larger than the nonlinear scale. With this consistency prescription, the power spectrum covariance is simplified as
where σ 2 b is the variance of the background density in the survey window, defined as
ij is the standard non-Gaussian term arising from the mass trispectrum of subsurvey modes:
linear variance σ b can be easily computed for any survey geometry, either by evaluating the above equation directly, or using Gaussian realizations of the linear density field. The SSC term scales with the survey volume only through σ 2 b whereas the other terms scale like white noise 1/V W . Thus, even if the initial density field is Gaussian, the nonlinear structure formation induces non-Gaussian contributions to the sample variance. In other words, the non-Gaussian sample variance depends on the nature of large-scale structure formation that governs how the different Fourier modes are correlated with each other via nonlinear gravity.
To compute the power spectrum response for a given cosmological model, we can use the separate universe approach developed in . In this approach the impact of the super-box mode δ b is absorbed into changes in the background cosmological parameters in a finite-volume simulation with periodic boundary condition:
Here D is the linear growth rate and we have introduced the notations such as δh/h = (H 0W − H 0 )/H 0 , where H 0W denotes the parameter in a separate universe (a finite volume region at the fixed δ b ). Our convention is to set the scale factor of the separate universe a W to agree with the global one at high redshift: lim a→0 a W (a, δ b ) = a. Since
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Separate Universe Figure 1 . The response of the mass power spectrum to the super-box mode δ b , computed using the separate universe approach. In addition to the fiducial run with δ b = 0, we ran 64 separate universe pairs with δ b = ±0.01, where we used the same initial seeds to reduce the stochasticity (each simulation has a box size of 500 h −1 Mpc and 256 3 particles). There are two distinct effects of the super-box mode (here treated as a DC mode): the growth effect and the dilation effect (see text for details). The curve labeled by "total" is a sum of these two effects, leaving characteristic scale dependence in the response. The bold curve is the average of the 64 pairs, and the thin curve is the result for each pair. The red curve is one particular realization. This plot is taken from .
the linear background density δ b evolves with D, so δ b /D = δ b0 /D 0 ; the relations about cosmological parameters hold independently of the redshift at which δ b and D are defined. Thus, even if the global universe has a flat geometry, Ω K = 0, the separate universe with non-zero δ b is realized as a non-zero curvature universe, Ω KW = 0. Because this is the curvature effect, time evolution of all the sub-box Fourier modes is affected by the superbox mode, due to the modified expansion history. Fig. 1 shows the power spectrum response computed using the separate universe approach. There are two distinct contributions to the power spectrum response. First, the presence of super-survey mode modifies the growth of sub-volume modes via the mode coupling in nonlinear structure formation. If the survey region is embedded in a coherently overdense region, i.e. δ b > 0, the growth of sub-volume modes is enhanced. We call this effect "growth". Second, the super-survey mode causes remapping of physical and comoving length scales. An overdense region expands less quickly than in the global universe. We call this effect "dilation" as it changes the comoving scale corresponding to features in the power spectrum. The figure shows that, in the total, these two effects partially cancel, leaving a characteristic scale-dependence in the response. We also note that, if we use the halo model to estimate the power spectrum response by directly computing the windowed trispectrum,T W (k i , k j ), the analytical prediction gives about 10%-level agreement with the separate universe result over the range of k shown in Fig. 1 .
Upcoming wide-area galaxy surveys require an accurate estimation of the power spectrum covariance or more generally the covariance of any large-scale structure probes. This is indeed computationally challenging. With the unified theory of the covariance, Eq. (3.8), we can propose a way of calibrating the power spectrum covariance at computationally reasonable expense. To compute the standard part, the Gaussian piece and 6 M. Takada Figure 2 . Diagonal elements of the mass power spectrum covariance, Cij, relative to the Gaussian term C G ii at z = 0. The result denoted as "Sub" is the covariance estimated from subvolumes of 7 large-volume simulations; each of the simulations has a 4 Gpc/h box size and is divided into 8 3 = 512 subvolumes of size 500 Mpc/h each (3584 subvolumes in total). Thus each subvolume includes the super-box mode effects. The result "Small" is the covariance estimated from small-box simulations of 500 Mpc/h each, with periodic boundary conditions. The result "Small+SSC" shows the covariance computed by adding the SSC effect, calibrated based on the separate universe approach in the previous figure, to the small-bx variance. The "Small+SSC" result is in nice agreement with the "Sub" result to within the bootstrap errors. Note that bootstrap errors between bins are highly correlated. This plot is taken from .
the trispectrum piece of sub-volume modes, we can use mock catalogs of a galaxy survey, based on N-body simulations of small boxes. To compute the SSC effect, we can use the separate universe simulations for the fiducial cosmology. In doing this, we can properly take into account the survey window to compute the linear variance, σ 2 b . This method does not require huge-volume simulations whose size is designed to be well larger than the size of survey volume in order to include the super-survey effects.
In Fig. 2 , we indeed show that the above method combining the small-box simulations and the separate universe simulations well reproduces the covariance matrix from the large-volume simulations. The figure also shows that the SSC effect boosts the covariance amplitude by up to an order of magnitude over the range of wavenumbers we consider. Hence the SSC effect is the dominant source of the sample variance. This results hold for any size of survey volumes relevant for upcoming galaxy surveys (see Fig. 1 in Takada & Hu 2013) .
If the power spectrum needs to be estimated with respect to the local average density within the finite-volume survey region, which is the case for the galaxy power spectrum ), the power spectrum response is modified as
where P W (k) = P (k)/(1 + δ b ) 2 is the power spectrum with respect to the local average . In the halo model formulation, the 1-halo term of the mass power spectrum, which describes correlations between dark matter in the same halo, is expressed as 12) where dn/dM is the halo mass function in the mass range [M, M + dM ],ρ m is the cosmic mean mass density, andũ M (k) is the Fourier transform of the mass density profile of halos of mass M . However, the above equation is correct only in an ensemble average sense. For a finite-volume survey, the coherent density fluctuation across the survey window, δ b , would change the abundance of halos in the survey region along the peak-background splitting theory: 3.13) where the notation | δ b denotes the average over the realizations of different sub-survey 8 M. Takada modes at fixed δ b , and b(M ) is the halo bias. Thus, e.g., if the survey region is in a coherent over-density region, it enhances the number of halos on average. By inserting Eqs. (3.12) and (3.13) into the covariance formula (Eq. 3.8) via the trispectrum consistency relation, we find that the change in the halo mass function via the super-survey modes causes co-variant scatters in the power spectrum estimation:
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where we have assumed that the super-survey modes do not affect the halo mass profile. We found that the HSV effect gives a dominant contribution of the SSC effect in the power spectrum covariance at k > ∼ a few 0.1 h/Mpc, fairly well reproducing the separate universe simulation results at the scales (see Fig. 2 
Information content of lensing power spectrum and bispectrum
Similarly to the mass power spectrum covariance, we can compute the covariance matrices for the weak lensing power spectrum and bispectrum (Takada & Bridle 2007; Takada & Jain 2009; Sato et al. 2009; Schaan et al. 2014) . The left panel of Fig. 3 shows diagonal elements of the weak lensing power spectrum covariance relative to the Gaussian covariance, measured from the ray-tracing simulations that are built using a suite of N-body simulations for the WMAP ΛCDM model (Sato et al. 2009 ). We used 1000 realizations for source redshift z s = 1 each of which has an area of 25 sq. degrees corresponding to the fundamental Fourier mode l f 72. The ray-tracing simulations were done in a light cone volume with an observer's position being its cone vertex, and therefore include contributions from N-body Fourier modes with length scales greater than the light-cone volume at each lens redshift (see Fig. 1 in Sato et al. 2009 ). Thus the simulations are suitable to study the SSC effect. As can be found from the figure, the weak lensing power spectrum covariance shows significant non-Gaussian errors at > ∼ a few hundreds. The solid curve denotes the analytical prediction including the HSV effect, showing remarkably nice agreement with the ray-tracing simulation result. We note that the HSV effect causes highly correlated scatters between different multipoles. If we ignore the HSV effect, i.e. include the standard non-Gaussian error alone arising from the lensing trispectrum of sub-survey modes, the model prediction significantly underestimates the total power.
Similarly the right panel of Fig. 3 shows the results for the bispectrum covariance matrix. Here we consider the equilateral triangle configurations. The HSV effect gives a dominant contribution to the total power of the covariance matrix at > ∼ 1000, compared to other terms up to the 6-point correlation function. If we include the HSV contribution, the analytical model gives a 10-20% level agreement with the simulation results.
Once the covariance matrices for the weak lensing power spectrum and bispectrum are computed, we can address the information content carried by the weak lensing correlation functions. For a given range of multipoles, the cumulative signal-to-noise ratio or the information content for the power spectrum measurement is defined as 15) where the summation runs over all multipole bins in the range l min l l max and C −1 Figure 4 . Cumulative signal-to-noise ratios (S/N ) for the power spectrum (P ), the bispectrum (B) and the joint measurement (P + B) for a survey area of 25 deg 2 and source redshift zs = 1. The circle, triangle and square symbols are the simulation results for P , B and P + B measurements, respectively, computed from the 1000 realizations. To account for the full bispectrum information, we included the bispectra of all-available triangle configurations from the multipole range, up to 204 triangles for lmax = 8745. The thick short-dashed, long-dashed and solid curves are the corresponding halo model predictions. The corresponding thin curves are the results without the HSV contributions. For comparison, the dotted curve shows the S/N for the power spectrum for the Gaussian field, which the primordial density field should have contained. The Gaussian information follows a simple scaling as S/N |Gaussian ∝ lmaxΩ 1/2 s , where Ωs is the survey area. This plot is from .
is the inverse of the covariance matrix. The inverse of S/N is equivalent to a precision of measuring the logarithmic amplitude of the power spectrum up to a given maximum multipole l max , assuming that the shape of the power spectrum is perfectly known. Similarly we can define the S/N values for the bispectrum measurement and for a joint measurement of the power spectrum and the bispectrum. For the latter case, we need to properly take into account their cross-covariance. Fig. 4 shows the expected S/N for measurements of the weak lensing power spectrum and bispectrum for a survey area of 25 square degrees (i.e. the area of the ray-tracing simulation), as a function of the maximum multipole l max up to which the power spectrum and/or bispectrum information are included. The minimum multipole is fixed to l min = 72. Roughly speaking the S/N value scales with survey area as S/N ∝ Ω 1/2 s (exactly speaking the scaling does not hold due to the different dependence of the SSC effect on survey area). The circle, triangle and square symbols are the simulation results for the power spectrum, the bispectrum and the joint measurement, respectively. For the bispectrum measurement we included the bispectra of all triangle configurations available from the multipole range, and considered up to 204 triangles for l max = 8745. The thick/thin short-dashed, long-dashed and solid curves are the analytical predictions with/without the HSV effects. First, the figure clearly shows that the lensing bispectra add new information content to the power spectrum measurement. To be more quantitative, adding the bispectrum measurement increases the S/N by about 50 per cent for l max 10 3 compared to the power spectrum measurement alone. This improvement is equivalent to about 2.3 larger survey area for the power spectrum measurement alone; that is, the same data sets can be used to obtain the additional information, if the bispectrum measurement is combined with the power spectrum measurement. Secondly, the analytical predictions are in nice agreement with the simulation results. Note that the total S/N for the joint measurement (P + B) is close to the linear sum of the S/N values, not the sum of their squared values (S/N ) 2 , due to the significant cross-covariance. If ignoring the cross-covariance, adding the bispectrum measurement does not much improve the S/N (only by 5 per cent or so).
The top, dotted lines shows the information content for a Gaussian field, which the initial density field of large-scale structure should have contained -therefore can be considered as a maximum information content we could ultimately extract. The Gaussian information content depends only on the number of Fourier modes available from the range of multipoles up to l max : it has a simple scaling given by S/N | Gaussian ∝ Ω 1/2 s l max . The figure shows that the joint measurement can recover only about 50% or less of the Gaussian information at l max > ∼ 1000. The information loss is mainly due to the HSV effect, as can be found from the thin curves. If we ignore the HSV effect, the joint measurement recovers about 70% of the Gaussian information at l max 1000. These results imply that further higher-order functions such as the 4-point function may be important and add the information (see Seo et al. 2011) . Or some of the initial Gaussian information is lost or cannot be recovered due to the nonlinear clustering. This is not yet known, and still an open question.
Weak lensing tomography
Adding redshift information to the weak lensing correlation functions greatly improves the cosmological sensitivity -the so-called weak lensing tomography (Takada & Jain 2004) . However, to realize the genuine power of the weak lensing tomography, we need to consider all the spectra available from all possible combinations of different redshift bins and multipole bins. For the bispectrum case, adding the lensing tomography easily leads to more than 1000 bispectra, and this is even worse for the higher-order correlations. Hence, an accurate calibration of the covariance matrix for the lensing tomography would require a huge number of independent ray-tracing simulations, e.g., a factor 10 more realizations than the number of bispectra to achieve about 10% accuracy. This is computationally very challenging, and is even impossible if we need to compute the covariance as a function of cosmological models. So again a hybrid method combining small-box simulations, separate-universe simulations, and the analytical model would be useful and tractable in practice.
In , we used the halo model approach, which gives a fairly good agreement with the simulation results for no tomography case as shown in Fig. 4 , in order to estimate the cosmological power of the weak lensing bispectrum tomography. Fig. 5 shows expected accuracies of dark energy parameters assuming survey parameters that resemble the Subaru Hyper Suprime-Cam, characterized by Ω s = 1500 sq. degrees, n g = 20 arcmin −2 and σ = 0.22 for the survey area, the mean number density of source galaxies and the rms intrinsic ellipticities per component, respectively. The bispectrum further adds the information to improve the parameter constraints compared to the power spectrum alone. To be more precise, for the three redshift bin case (the right panel), the joint measurement leads to about 60% improvement in the dark energy figure-of-merit (FoM) that is defined by FoM = 1/[σ(w 0 )σ(w a )]. Again this is equivalent to about 60% larger survey area for the power spectrum tomography alone. In this case we considered Figure 5 . Expected accuracies of dark energy parameters (Ω de , w0, wa) for a galaxy survey that resemble the Subaru Hyper Suprime-Cam survey (Ωs = 1500 sq. degrees,ng = 20 arcmin −2 and σ = 0.22). For this plot we included the shape noise contribution to the covariance. The error ellipses include marginalization over other parameters, and we included the CMB information expected for the Planck experiment. We here show the parameter forecasts for the power spectrum information alone (P ), the bispectrum alone (B) and the joint information (P + B) as in the previous plot. The left and right panels show the results for no tomography (single redshift bin) and three-redshift tomography case. As in the previous figure, we took into account the full covariance between the observables including the HSV effects. For the tomography case, we included 6525 different bispectra in the multipole range 10 l 2000 that are constructed from all combinations of different redshift bins and triangle configurations. This plot is from Kayo & Takada (2014) .
6525 triangle configurations, and we take into account the non-Gaussian correlations between the different spectra including the HSV effects.
Discussion
Can we recover the initial Gaussian field from observables of the present-day large-scale structure? This is an unresolved, open question. In this paper we discussed the example of the weak lensing field that is the line-of-sight projection of the three-dimensional mass density field in large-scale structure. We showed that the information content inherent in the power spectrum, which is the two-point correlation function in Fourier space, is smaller than the Gaussian information by more than a factor of 2 at l > ∼ 1000. We showed that the bispectrum, which is the three-point correlation function, does add the information to the power spectrum, but the combined information does not fully recover the Gaussian information -still only 50% of the Gaussian information at l max ∼ 1000. In order to derive this conclusion, we included all the two-and three-point level information in a sense that we included the bispectra of all available triangle configurations for a given range of multipoles as well as properly took into account the auto-and cross-covariances between the two-and three-point correlation functions. This implies that the higherorder correlation functions are further needed to recover the Gaussian information. Or our result implies a limitation of the information recovery; some of the initial memory is lost due to the strong mode coupling in the deeply nonlinear regime. Alternatively,
